Due to the constant innovations in communications tools, several organizations are constantly evaluating the adoption of new communication tools (NCT) with respect to current ones. Especially, many organizations are interested in checking if NCT is really bringing benefits in their production process. We can state an important problem that tackles this interest as for how to identify when NCT is providing a significantly different complementary communication flow with respect to the current communication tools (CCT). This paper presents the Mixed Graph Framework (MGF) to address the problem of measuring the complementarity of a NCT in the scenario where some CCT is already established. We evaluated MGF using synthetic data that represents an enterprise social network (ESN) in the context of well-established e-mail communication tool. Our experiments observed that the MGF was able to identify whether a NCT produces significant changes in the overall communications according to some centrality measures.
. Graph representation of a NCT or a CCT network A weight w i j > 0 is assigned to each edge with ending nodes i and j and represents the amount of 152 communication flow between these two nodes. Since G(V, E) is directed, it may be that w i j = w ji . The 153 adjacency matrix A i, j = a i, j of the weighted graph G can be defined as: 154 a i j = w i j , if there is an edge connecting the node i to j, 0, otherwise.
(1)
Graph Centrality Measures 155
When some problem is modelled by a graph, many properties are associated with each node, such as 156 distance and centrality. These properties provide a summary of the graph.
157
A widespread centrality measure is the weighted closeness of a node v (Opsahl et al., 2010) . If a node 158 v represents a collaborator in an enterprise network, the closeness of v measures how close a collaborator 159 is to others. Collaborators that occupy central positions with respect to closeness are important in 160 communication (Wasserman and Faust, 1994) . The weighted closeness of a node v is computed by
where d (v, x) is the weighted geodesic distance between the nodes v and x. 162 Another well-known measure is the weighted betweenness centrality of a node v (Kolaczyk, 2009 ). It is a measure aimed at summarizing the extent to which a vertex is located 'between' other pairs of vertices. Let us introduce some notation before formally define the betweenness centrality. Consider arbitrary nodes u, v ∈ V. A path P (u, v) which starts at u and finishes at v is an ordered sequence of nodes, P(u, v) = < u = v 1 , v 2 , . . . , v k = v >, such that e i = (v i , v i+1 ) ∈ E for i = 1, . . . , k − 1. The length of the path P (u, v) is given as the sum of the edge weights of the path and the shortest path function s G (u, v) between nodes u, v ∈ V is given by
The betweenness centrality for any given node v ∈ V is then given by
where σ (s,t) is the number of paths P(s,t) of size s G (s,t) connecting s and t and σ (s,t|v) is the number 163 of shortest paths passing through vertex v. 164 A third class of centrality measure is the kleinberg centrality introduced by (Kleinberg, 1998) . The main idea is to identify good relative hubs and authorities' nodes. A hub is a node that points to many important nodes, and an authority node is the one that is pointed by many important nodes. Both are based on the eigenvectors related to the largest eigenvalues of the matrices AA T and A T A. The hub centrality of the node v i , denoted here by C h (v i ), is the i−th entry of the vector x satisfying Equation (4), where λ ∈ ℜ is the largest eigenvalue of AA T .
Similarly, the authority of a node v i , denoted here by C a (v i ) , is the i−th entry of the vector y satisfying Equation (5), where β ∈ ℜ is the largest eigenvalue of A T A.
Statistical Analysis

165
The need to compare two different data sets is very common. Such comparison may vary according to 166 the objectives of study. We can summarize two different statistical tests that are relevant to compare two 167 data sets: (i) distribution; and (ii) correlation (Larsen and Marx, 2005) . For each one of these scenarios,
168
there is a set of statistical tests that can be used. 
return {r 1 , r 2 , r 3 , r 4 } 7: end function
Extract Functions
187
The first two activities of Algorithm 1 encompass modeling graphs from the communication tools. Graphs 188 G c = (V c , E c ) and G n = (V n , E n ) are, respectively, generated through the extraction Functions f Extract c 189 and f Extract n that are applied over the CCT and NCT datasets.
190
A node i ∈ V c and p ∈ V n corresponds to collaborators of their respective graphs G c and G n . An edge 191 e i, j ∈ E c represents a communication in CCT from collaborator i ∈ V c to collaborator j ∈ V c and the edge weight w c (i, j) corresponds to the amount of messages exchanged from i to j. Similarly, an edge e i, j ∈ E n 193 represents a communication in the NCT from collaborator i to collaborator j ∈ V n and the edge weight 194 w n (i, j) corresponds to the amount of messages exchanged from i to j. 195 Both f Extract c and f Extract n are User Defined Functions (UDFs) that vary according to the adopted 196 communication tools. For example, if CCT is an e-mail tool, the communication flow in the graph G c 197 between two collaborators i and j ∈ V is measured by the amount of email messages exchanged by them, 198 as described in Equation (6). On the other hand, if the NCT is an ESN tool, the communication flow is 199 measured by the weighted average of posts, comments, and likes someone is interested to extract from the 200 ESN, as described in Equation (7). 
is assigned as given by Equation (8). The mixed 207 graph activity is described in Algorithm 2. It receives both G c and G n as an input and builds the mixed 208 graph G m of order |V m | with its edges weights given by the vector w m .
Note that the graph G m represents the total flow of communication provided by the two communication 210 tools and can be used to identify whether the NCT is actually changing the communication flow or just mirroring existing communication flows between collaborators in the CCT. An example of G m can be observed in Figure 2 (c) obtained from G n and G c .
213
Algorithm 2 Mixed Graphs
end for 10:
end for 11:
return (mG, w m ) 12: end function
Complementarity Analysis
214
The complementarity analysis computes centrality measures of each vertex extracted from G c and G m .
215
These values are used to compute if such metrics from G c are statistically significant different from G m .
216
In this case, it indicates that G n is not simply an overlap of G c , i.e., actually bringing complementarity in 217 the overall communication. Such an activity is described in Algorithm 3.
218
It is worth mentioning that all centrality-based measures expect a weighted adjacency matrix as 219 an input. However, in all built graphs (G c , G n , and G m ), the weight of the edges corresponds to the 220 communication flow over a period. In this way, prior to any centrality computation, it is important 221 to convert flows to distances since more messages, e-mails, and post exchanges imply less distance 222 between two collaborators. Such a transformation is described by Function convertDist(w) that applies 223 Equation (9) for all edges in Algorithm 3.
Functions closeness, betweenness, and Eigen, respectively compute the weighted closeness, weighted Functions analyzeBetweennessCorrelation and analyzeClosenessCorrelation correlate the between-234 ness and the closeness centralities between G c and G m , respectively. For that, the nonparametric Spearman Algorithm 3 Analysis of Centrality (Closeness, betweenness, Eigen)
return {ratio, sig} 7: end function vertices in both graphs). We also compute the probability using hypergeometric distribution of such an 247 occurrence.
248
The MGF is implemented in R and is made publicly available at sourceforge. 1 Statistical tests 249 Wilcoxon rank sum and Spearman correlation test are available in many statistical packages, such as R 250 (Dalgaard, 2008) and were included in MGF.
251
EXPERIMENTAL EVALUATION
252
This section presents the evaluation of the proposed MGF in measuring if the NCT brings complemen-253 tarity to the CCT inside a Small Medium Enterprises (SME) (Hoffmann and Schlosser, 2001) . We 254 used synthetic data to simulate both CCT and NCT usage to explore the MGF under different group 255 configurations and enterprise scales. Both MGF and experimental evaluation is made available at 256 https://github.com/eogasawara/mgf. 257 We have organized this section in three parts, as follows. Section 5.1 discusses synthetic data 258 preparation that models SME (Newman et al., 2002) . In Section 5.2, we describe the general procedure 259 of growth network used in experimental evaluation. In Section 5.3, we present a toy sample analysis to 260 illustrate the benefits of MGF. In Section 5.4, we conduct a sensitive analysis of MGF under different 261 SME scenarios. network. The preferential attachment means that the more connected is a node, the more likely is that it 269 gets new links. The basic understanding for this second concept is that a new member on the network has 270 a higher probability to interact with a person who interacts with many people than with someone who is 271 not so active in the network.
272
The most notable feature of a scale-free network is the existence of nodes with degree much higher than the average degree in the network. The highest degree nodes are often called hubs and have specific 274 meanings in each network. The presence of hubs is directly related to the robustness of the network. Most 275 of the nodes are not hubs, and the probability of a significant impact on total flow with the departure of 276 one of these low degree nodes is very low. On the other hand, the removal of a hub can cause a large 277 impact in the communication flow or even a network partition.
278
In the experiments presented in our work, we generated G c (simulating e-mail communication) and 
286
Algorithm 4 generates synthetic instances of CCT and NCT; and was implemented using poweRlaw, 287 an R package to create scale-free graphs. Initially, the first three parameters k, v, e are related to generation 288 of the subgraphs that will form CCT graph (i.e., G c ). It starts by creating k subgraphs in G c . Each 289 subgraph has v nodes with e edges. After that, the most central nodes in each subgraph, according to its 290 closeness centrality, are connected to each other to establish a hierarchical communication in G c . In the 291 end of G c build phase, this graph has |V c | = v c = v · k nodes and |E c | = e c = (e · k) + k edges. Then, the 292 NCT graph G n is generated with v n = |V n | nodes and e n = |E n | edges, such that v n = v c . By construction,
293
G n is strictly scale-free. for i ← 1 to k E − 1 do 7: In Section 5.4, we explore three scenarios produced during synthetic data generation that correspond 295 to representative contexts for SME (Hoffmann and Schlosser, 2001; Eurostat, 2016) , such as the number 296 of vertices. In Europe (Eurostat, 2016), a small enterprise has a number of collaborators greater than 10 297 and lower than 50, whereas in medium enterprises the number of collaborators is greater than or equal 298 to 50 and lower than 250. Additionally, the number of messages and edges explored in our study are in agreement with communications using both e-mail (Layman et al., 2006) and online social networks 300 (Benevenuto et al., 2009) . The scenarios adopted for SMEs are presented in Table 2 . high : k c = 25, e n = 300
Network Growth
302
Consider both G c and G n produced during the synthetic dataset production. We can apply the MGF 303 to compute metrics and check if G n is being complementary to G c . However, to better explore MGF, 304 in all experimental evaluation we conducted the analysis with G n using a network growth described in 305 Algorithm 5. The goal is to allow for the comprehension of the MGF behavior as we increase G n from an 306 empty graph until reaching the entire G n structure. According to Algorithm 5, the growth ratio δ filter 307 both edge weights and the number of edges in its entire structure according to its weight distribution.
308
The edge weights for w n are all multiplied by δ 100 , in order to set to relative strength of usage in both 309 networks. The lesser the value of δ , the lesser is the communication flow inside the generated NCT.
310
Additionally, only δ percentile of edges is presented in w n,δ . This allows for simulating the increase of 311 new relationships among collaborators according to time. Each combination of w c , w n,δ is used as input 312 for f Analyze. All metrics are collected and stored in a result set RS. Once RS is complete, it is possible to 313 plot charts, such as the ones presented in the experimental evaluation.
314
Note that Algorithm 4 takes as input the growth ratio δ (0 ≤ δ ≤ 100). Initially, the edge weights for 315 both G c and G n are randomly generated according to the same distribution. After that, Table 1 summarizes 316 parameters adopted in experimental evaluation. plotCharts(RS) 9: end function
Toy Sample Analysis
318
To better understand the mechanics of the growth ratio, we present a toy graph that corresponds to one 319 of the smallest SME possible. It has ten vertices, two groups for G c , and ten edges in both G c and G n 320 (v c = v n = 10, k c = 2, e c = e n = 10). (d) G 50% n (v n = 10, e n = 10)( e) G 75% n (v n = 10, e n = 10)( f ) G 100% n (v n = 10, e n = 10) restricted by the hierarchical structure as the growth ratio of G n increases.
341
To better comprehend the toy sample, Figure 4 presents descriptive statistics for G m produced by 342 mixing G c (v c = 10, k c = 2, e c = 10) with G n (v n = 10, e n = 10). Figure 4(a) depicts the frequency of 343 degree of G m as G n grows. The degree of vertices increases as G n grows. The plots in log x log scale 344 fits a power law distributions, i.e., suggesting a scale-free graph. This behavior is also summarized 345 12/16
in Figure 4(b) . Additionally, Figures 4(c) and 4(d) describe the closeness and betweenness centrality distribution. In Figure 4(d) , the box plot for growth ratios of 50%, does not present any intersection with box plots of smaller growth ratios (0% and 25%). This indicates significant difference among them, i.e., the median closeness of G 50% m is higher than in G c . Nevertheless, the betweenness described in Figure 4( (a)( b)( c) Figure 5 . Scenario of Small Enterprise -varying number of edges in G n : betweenness correlation analysis (a), closeness median analysis (b), closeness correlation analysis (c) In the first scenario described in Table 2 we explored the number of communication flows in the 368 NCT of SMEs under a small, medium, and large scale. In terms of betweenness, Figure 5(a) of closeness, both median ( Figure 5(b) ) and correlation ( Figure 5(c) ) presents a significant difference 371 when the growth ratio are greater than 40% and 55%, respectively.
372
We also explored a second scenario for SMEs, in which we vary the number of groups inside G c .
373 Figure 6 (a) indicates a significant difference for the betweenness correlation when the growth increases.
